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Abstract

This paper, we extends the new concept of common fixed point theorems in C*-algebra valued b-metric space
(AVBMS) via (§, ¢) - contractive mappings. Investigated are the common fixed points criteria for existence
and uniqueness. Additionally, provide an illustrate an example.
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1 Introduction

In 2014, Ma et al. [1] proposed the idea of C*-algebra valued metric space (AV M S) and investigated certain
fixed point theorems for self-mapping under various contractive circumstances. Furthermore, the concept of
C*-(AVMS) is generalized to that of C*-(AVBMS), where 9B is an element of C*-algebra greater than 1 and
the triangle inequality is altered into Dy (s, ) < 7(Dy(s,3) + Ds(3, 9)). Theorems for self-map with contractive
condition are then established using various fixed point theorems [2]. Besides, Alsulami et al. [3] the classic
Banach fixed point theorems have been examined for their fixed point outcomes can be used to produce C*-
(AVMS), C*-(AV BMS) in fixed point theory. [4, 5]. We recall the concept of C*-(AVBM S). Since C*-algebra
is an important topic in functional analysis, operator theory and algebras which is important in non-commutative
geometry and theoretical physics, such as quantum mechanics and string theory [6]. During this article, we
indicate 2[ as an unitary C*-algebra and 2,= {a €2l : a =a*}. Especially, an aspect a €2 is a positive factor, if
a = a* and o(a) C R", where o(a) is the spectrum of a.There is a natural partial order in 2, placed by a < b iff
6 < (b — a), where 6 implies the zero factor in 2. Then, let A" and 2 represent the set {a €2 : § < a} and the

set {a €A : ab = ba, V b €A}, respectively and |a| = (a*a)%.
Definition 1.1. [1] Let x be a non-empty set and 7€ 2 such that 7 > I. Suppose that the mapping D,
x X x — 2 is held, the following constraints.
(i) 0 < Ds(s,y) and Dy(s,p) = 0 iff (¢ = 1);
(i) Ds(s,n) =Dy (s,9);
(111) Dy, (§7 U) < T(Db (93) + Dy (37 U)) v S 0,3 €X.
Then, D, is called C*-(AVBM) on x and (x, 2, D) is called C*-(AVBMS).
Definition 1.2. [1]. Let (x,2, Dy) be C*-(AVBMS). Imagine that {¢,} is an order in x and ¢ € x. If at all
e>0,IN 3V n> N, ||Ds(sn, )| < ethen {,} is allegedly convergent with respect to 2, and {¢,} converges
to ¢, i.e., we use limp,oo 6 =¢. Ifat alle >0, IN >V n,m >N, [|Ds(sn, sm)|| < ¢ then {c,} is referred

to as a Cauchy sequence in x. (x, 2, D) is referred to as a complete C*-(AV BM S) if each Cauchy sequence is
convergent in x.

Remark 1.1. [7] Let 2 be a C*-algebra and assume that ¢ is a linear functional on . Define ¢* (a) = ¢(a*) V
a €2. Then, ¢ likewise has a linear function 2. And the function ¢ is known as a self-adjoint if ¢* = ¢.

A linear function ¢ on 2 is called positive if ¢ (a*a) > 0 for all a €2l. We indicate the positivity of ¢ by
¢ > 0. For two self-adjoint linear function ¢1, ¢2, There are (¢p2 — ¢1) > 0 when ¢ > ¢1.

Definition 1.3. [7] If ¢ : A— B is a linear mapping in C*-algebra, It is said to be positive if ¢ (Ql*) C ¢(B™).
When this occurs, ¢ (Ar) C ¢(Br), and the map of restriction ¢ : A, — Bj is increasing. if B =2 the positive
linear map is thus referred to as positive functional, and it meets the following propositions 1.1 and 1.2.

Proposition 1.1. [7] Let 2 be a C*-algebra with 1, thereafter, a positive functional is bounded and ¢(1) =|| ¢ ||.

Proposition 1.2. [7] Let A be a C*-algebra with 1 and let ¢ be a bounded linear functional on A > ¢ (a) =||
@ ||l a|l. There exists positive component a €A > ¢ is a positive functional.

Definition 1.4. [8] Let the non-decreasing function § : A" — 2" be a positive linear map that complies with
the following restrictions:

(i) § is continuous;
(ii)) F(a) =0 iff a =6,
(iif) limp—oeo §" (a) = 6.

Definition 1.5. [8] Suppose that 2 and B are C*-algebra. 2 mapping § : A— B is purported to be C”*-
homomorphism if :
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(i
(ii

(i

T (as 4+ by) = aF (¢) +bF(n) V a,b € C and ¢,y € ;
3(s,9) =3 ()T Vepe
FE) =8 Vee

§ maps the unit in 2 to the unit in 5.

)
)
)
(iv)
Definition 1.6. [9] Let 2 and B be a C*-algebra space and let § : A— B be a homomorphism, then § is
called an *-isomorphism if it is one-to-one *-isomorphism. We declare that C*-algebra 2l is x-isomorphism to a

C*-algebra B if 3 x-isomorphism of 2l onto B.

property 1.1. [9] Let A and B be C*-algebra space and § : A— B is a C*-homomorphism ¥ ¢ € A, there are
o (§(s)) Cols and || F(<) I F -

Corollary 1.1. [10] Every C*-homomorphism is bounded.

Corollary 1.2. [10] Suppose that § is C*-isomorphism from 2 to B, then o (F(s)) C o(s) and | F(s) [|<|| < ||
Veed

Lemma 1.3. [10] Every x-homomorphism is positive.

2 Main Results
Theorem 2.1. Let (x, 2, Dy) is a complete C*-(AVBMS). Let L, M : x — x be a contractive mapping and
§ (Dy (Ls, My)) < F (N (5,9)) — ¢ (Do (,9)) (2.1)

14+ Dy (s,Ls)]| Dy (9, M
aDy (s, y) + 2L4DySLD 0. M)

+v[Ds (s, Ls) + Dy (9, My)] + 6 [Ds (s, M) + Dy (9, Ls)]

N (¢,p9) <

For all ¢,y € x, where T € Ql:r, a+pB+y+d>0withta+B+y(r+1)+d5(r(r+1)) < 1. F and ¢ are
x-homomorphisms and the constraint § (a) < ¢(a). Then L and M have a unique common fized point in Xx.

Proof. Let ¢o € x and define ¢, = L¢p—1, Sn+1 = Mg, we have

S(Db (§n7§n+l)) :S(Db (Lg'nflyMQz))
< TN (Sn-1,5n)) = & (Db (Sn—1,5n))

oD o) + Bt
=3 +v [Db (gn—hLCn—l) + Dy (§n7 Mgn)} - ¢(Db (Cnfhgn))
+6 [Db ({77.717 Mgn) + Db (gn, L§n71)]
F(B)F|1+Dp(sn—1,Lsn—1)|Dp(sn Msp)
= §(0)F (Ds (cumr, ) + 225 fwb(f)% e
+S(7)S [Db (gnfly L§n71) + Db (<’)’L, Mgn)]
+5(0)F [Do (Sn—1, M) + D (sny Lsn—1)] — & (Db (Sn—1,%n)) -

Therefore
15D (o) | = 15Dy (Lonor, M) |
< 3@ 118 (s snt50)) [+ 1303) || | L2 bon sl Patentren)
130 111510 (ot Lenos) + Doy M) |
+156) || 51Ds (611, Mew) + Dy (6. Lur)] |
16 Ds (5nrt50)) > 0 as 1 - +cx.
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Consider the fact that ¢ and § are strongly monotone functions. There are

Db (§n5§n+1) = Db(LgnflyMgn)
B|1+Dp(sn—1,Lsn—1)|Dp(sn,Msn
e

+ [Dp (sn=1, Lsn—1) + Db ($n, Msn)] + 6[Ds (sn—1, Msn) + D (sn, Lsn—1)]

Bl1+Dy(sn—1, D Sn
= aDy (Sn—1,5n) + [ bgiD:(zz),]l,:Sn =

+9[Db (Sn=1,5n) + Db (S, Snt1)] + 0[Db (Sn—1, Snt+1) + Do(Sn,n)]
= (Oé + ’Y)Db (§n,1, §n) + (ﬂ + ’Y)Db (§n7<n+1) + 9 (Db (Cnfl, §n+1))
< (a+7)Db (Sn-1, sn)+ (B+7)Ds (Sn,Sn+1)

+76 (Db (Sn—1,9n) + Db (Sny Snt1))

= (a+7+76)Dy (n-1, Sn) + (B4 7+ 70)Db (Sn, Snt1) -

This indicates that

Dy (Gn,Snt1) < %Db (SnsSn—1) (2.2)
Dy ($ny$nt1) < Db (SnySn—1)
where,
_a+y+To
NETET
As a result,
| Do (n—1,50) || Db (Sny snt1) IR Do (S 1) l|= 0, as n,m — +oo.
Let n >m

Dy (Sny5m) < 7Dp (SnySn—1) +7°Dp (Sn—1,5n—-2) + ... + 7" " Di(Sm—1,m)
When using the theorem’s constraint,

(D (snr5m)) < T (Db (Snyn-1)) +F (7°Dp (sn—1,50-2)) + .- +F (777" Dp (Sm—1,5m))
< F(1)F (Db (Snysn—1)) +§ (7'2) § (Dy (Sn=1,$n—2)) + ...
+3 (7"™) F (Do (Gm—1,5m))
<F (TN (sny6n-1)) — ¢ (TDb (snyn-1)) + F (T>N (Gn-1,5n-2))
—<z5 7Dy (Sn-1,5n—-2)) + ... + F ("™ N (Sm—1,5m))

T me Cm 17§m)
B[1+Db((n717§n)}Db(§n7<n+l)
aDy (SnySn—1) + 14Dy (sn—1,5n) D
+7 [Dy (Sn—1,6n) + Db (Sn, Sn+1)] SOrPy (o))
+07 [Dy (sn— 1,<n+1)+Db (Sns sn)]
e BT 14Dy (smo5m—1) | Db (sm—1,5m—2)
Dy (Sm—1,6m) + 14D (SmSm—1
_|_'y7' [Db (§m7§m 1)+Db (§m 1 Sm— 2)}
+07" 7™ [Db (Gm, Sm—2) + Db (Sm—1, Sm—1)]
¢(Tn 'me §7n lag”"))‘

Therefore,
8:(OC)S( )S(Db (§n7§n l
[1+Db(<n 1,Sn ]Db <n7<n+1
S(Db (gnygm)) — ﬂ)S(T)S( 1+Db(<n 1,<n ) TDb §n7§n 1))+ .
( ) ( ) [ (gn 17§n)+Db (<n7<n+l)]
+5(0)F(T S[Db (Sn—1,Sn+1) + Dy (Sn, n)]
F(@)F (7"™) F (Db (Sm—-1,5m))

[1+Db Sm>Sm— 1)}Db(§m 15Sm— 2)

+ ﬂ ( )S( 1+Db(§m7§m 1) ) _ ¢(Tn7me (§m71,§m)) .
+35(y ( " m)@ [Dy ( Cm,Cm 1) + Db (Sm—1,Sm—2)]

+{§' ( " m)g D §ma§m 2)+Db (Cm 1,Sm— 1)]
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Consider the fact that ¢ and § are strongly monotone functions. There are

Dy (Snssm) < atDy (Sn,Sn—1) + ﬁ[1+Db(11;:&?)7]117:5;7—“<n+1)
+97 [Db (Sn—1,n) + Db (Sn, Sn+1)] + 07 [Db (Sn—1,n+1) + Db (Snyn)] + - - -

n—m BT~ [14+Dp (smssm—1)] Do (Sm—1:5m—2)
+ar Dy (6m-1,6m) + 14D (smrsm—1

+y7" 7™ (Db (Gmy Sm—1) + Db (Sm—1, Sm—2)]
+(57'n7m [Db (Cma §m72) + Db (<m717 gmil)] !

So,
Il ([l 7 [I1I Do (s, 1) |l
g el (o)
+ Iy M7 Do (Sn—1,60) + Do (S Snt1) |l
107 11 Do (Sn—15 Snt1) + Do (Snn) | + -
+ allll ™™ Il Dy (sm—1,5m) |l )
n—m 1+Dp (smsSm—1)|Pp(Sm—1,5m—2
R R s u
1 "™ 1HE Do (Sms Sm—1) + Db (Sm—1,5m—2) ||
+ S = [l Do (smy sm—2) + Do (sm—1,5m—1) |
Then {¢,} is Cauchy sequence. Since (x, 2, Ds) is a complete C*-(AVBMS) 3 u €x 3 ¢,— u as n — co. Now
that

Dy (Gny6m) < — 0, as n.m — +oo.

Dy (u,Mu) <rT [Db (u,§n+1) + Dy (§n+1, Mu)]
=7 [Dy (Sn+1, Mu) + Dy (11,6n+41)]
=T [Db (L(n, Mu) + Dy (u,§n+1)]
§ (Dp (u,Mu)) 7 [§ (Do (Ln, Mu)) +§ (Db (u,6n41))]

< 7[5 (N (ens 1)) — 6D (5ns0)] 4 7 (D5 (5041)]
<

I (s (Lo, M) | < 17 B Coga) | 4 ) 7 W) S ) Do (s |
+ 171189 | Bl |
17 M3y 1 Do (s Sntt) + Dy (u,Mus) ||
7 188 I1EDs (s M) + D (L) | = 11 7 [} 9Ds (o) |-

Using the property of ¢, we have

| § (Do (Len, Mu)) | < || 7 [[l| § (Do ([lll,%ﬂ))L A
+ 1718 | Byt |

F U7 ISy I Db (Sny snt1) + Do (w,Mu) |
+ 7 SO Do (s Mu) + Dy (u,Lsn) ||

(S ) ||

where § is strongly monotone, then

I (D (s M) | 171 (D ) | 5 | ] o 1 Do (00 |
+ 17 [ B ] R be D)

7 Il I I Dy (sny Sn1) + Dy (u,Mu) ||
+ 7 S Nl D (Sny M) + Dy (u,Lsn) ||
= Il 7 Il (Do (w5n41)) |l

| [Ot Il g)b (<n,’3l]) l
1+Dy(sn Sn+1)|Dp(u,Mu)
ey | A T s Iy (o l

+ Y 1 Do (sny snt1) + Do (u,Mu) ||
+ 116 [l Do (S, M) + Dy (ts6n+41) |

as ¢,— u and ¢,41— U as n — 0o, we obtain

(KRR CRON

1—78—7v—70 Dy (u,Mu
I =rB =7y =78l | Dy (u,Mu) l|< (+||T||||1+5||\|Db<ugn+1>u

)—)Oasn—)oo.
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Hence || Dy (Mu,u) ||= 0 since || 1 — 78 — 7y — 79 ||> 0. As a result, Mu = u which is uis a fixed point of M.
Similarly we can demonstrate this Lu = u. Hence Lu =Mu = u. This show that u is common fixed point of
L and M.

Let v be a different fixed point common to L and M. (i.e) Lo =Mv = v 3 u # v we have Dy (u,v) = Dp(Lu,Mv)
then,
5 (Dy (u,0)) = (Do (Lu,Mv)) < F (N (u,0)) — ¢ (D (u,0))
1§ (D (L, Mo)) || < || Fa [[ll Dy (u,0) | + || 5 ||| LE2elelalDulodro)
+ || $v Il Dy (u,Lu) + Dy (0,Mo) ||
+ 1 86 ([l Do (w,Mo) + Dy (0,Lu) || = || ¢ Db (u, 0) ||

Using the property of ¢, we get

I3 (Do (Lu,Mo)) || < || S [l Do (w,0) || + || §B8 ||| FH2eptpoielelo)
+ 1§ I | Do (w,Lu) + Dy (v,Mo) ||
+ 1 80 ||| Dy (w,Mv) + Dy (0,Lu) ||

Where § is strongly monotone, then

D Lu)]D M
| (D (Lu M) | < [l [l Dy (a,0) [ + | 6 ]| LH2eeLenDtetre)

[y 11 Do (u,Lu) + Dy (0, M) ||

+ 16 [l Do (u,Mv) + Dy (0,Lu) |

= [la+25 | | Dy (u,0) ||
Slrat+pB+ T+ Dy+7(r+ 1| || Do (u,0) |
< Do (w,0) || -

Which is a contradiction. Hence || Dy (u,0) ||= 0 and u=v. Thus u is a unique common fixed point of L and
M. O

Corollary 2.2. Let (x,2, Dy) is a complete C*-(AVbOMS). Let M : x — x be a contractive mapping and
§ (Do (M"c, M"y)) <F(L(s,1)) — ¢ (Db (s,)) (2.3)
L(s,9) < Dy (s,9) +7[Ds (s, M"y) + Dy (9,M"9)] + 6[Dy (s, M"9) + Dy (n,M"]

for all s,y €x, where T € Ql/_H a+y+0 >0 withta+~y(t+1)+d6(7(1+ 1)) < 1. § and ¢ are *-homomorphisms
and the constraint § (a) < ¢(a). Then M have a unique fized point in X .

Corollary 2.3. Let (x, %, Dy) is a complete C*-(AVbMS). Let L : x — x be a contractive mapping and

§(Dy (L, L™)) <F (N (s,n)) — ¢ (Db (s, 1)) (2.4)
N(s,p) <aDy(s,y)+ B[H—Db(fffjnbg()g]ﬁ)b(ann)

+v[Dy (s, L") + Dy (9,L™)] + 6[Dy (s, L™9) + Dy (,L"<]

for all ¢,n €x, where T € Ql:r, a+B8+y+6>0withta+B8+~v(r+1)+d(r(r+1) < 1. F and ¢ are
x-homomorphisms and the constraint § (a) < ¢(a). Then L have a unique fized point in x.

Example 2.4. Let x = [0,1] and 2 = C with a norm || < ||=|s| be a real C*-algebra. We define C* =
(s,p) € C: ¢ = Re(§) >0, y = Im(&) > 0}. The partial order < with respect to the C*-algebra C.
Re(s1) < Re(s2) and Im(y1) < Im(n2) V(s1,91), (s2,92) € C. Let Dy : x X x = C suppose that Dy (s,9) =
2(ls =9|, |s—1|) fors,y€x. Then, (x,A, Dp) is a C*-algebra valued b-metric space where T = 1 in theorem
2.1. Let §,¢: CT — C* be the mappings defined as follows: For T =(c,n) € C*

(€U) if ¢<landy<1,
2y), if¢>landp<1,
2), ifs<landy>1,
(*,0%), ife>1landy>1.
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and for G =(G1,G2) € C* with P =min {G1,G-},

Then, § and ¢ are satisfying in definition 1.4 and 1.5. Let L, M : x — x be defined as follows:
_J0,if0<¢< g _ 1
po={STI5 M@= sorcex

Then, L and M are satisfying in theorem 2.1. Let o = é , B=0, ~v= % and § = 1175 . It demonstrates that:
§ (De (Ls, My)) < F (N (s,9)) — ¢ (Db (s,1)) V<9 € x withy <.

Hence, Theorem 2.1 is satisfied. Then demonstrate that 0 is a unique common fized point of L and M.

3 Conclusions

In Theorem 2.1 we have formulated a contractive conditions to modify and extend the concept of common
fixed point theorem for C*-algebra valued b-metric space via (¢, §)-contractive mapping. The existence and
uniqueness of the result is presented in this article. We have also given some example which satisfies the
contractive condition of our main result. Our result may be the vision for other authors to extend and improve
several results in such spaces and applications to other related areas.

Acknowledgements

The authors thanks the management, Asian Research Journal of Mathematics for their constant support towards
the successful completion of this work. We wish to thank the anonymous reviewers for a careful reading of
manuscript and for very useful comments and suggestions.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Ma Z, Jiang L, Sun H. C*-algebra-valued metric spaces and related fixed point theorems. Fixed Point
Theory Application. 2014;206.

[2] Ma Z, Jiang L. C*-algebra-valued b-metric spaces and related fixed point theorems. Fixed Point Theory
Appl. 2015;1:1-12.

[3] Alsulami HH, Agarwal RP, Karapinar E, Khojasteh F. A short note on C*-valued contraction mappings.
J. Inequalities, Appl. 2016;50.

[4] Kamran T, Postolache M, Ghiura A, Batul S, Ali R. The banach contraction principle in C*-algebra-valued
b-metric spaces with application. Fixed Point Theory Application. 2016;10.

[5] Ozer O, Omran S. On the generalized C*-valued metric spaces related with Banach fixed point theory. Int.
J. Adv. Appl.sci. 2017;4:35-37.

[6] Schroer B. Lectures on algebraic quantum field theory and operator algebra. Acta Math. Sin. 2001;23:2205-
2212.

[7] Murphy GJ. C*-algebras and operator theory. Academic Press: London, UK. 1990.

224



Maheshwaran et al.; Asian Res. J. Math., vol. 19, no. 9, pp. 218-225, 2023; Article no. ARJOM.103141

[8] Rahmah Mustafa, Saleh Omran, Quang Ngoc Nguyen. Fixed point theory using § contractive mapping in
C™—algebra valued B-metric space. Mathematics. 2021;9:92.

[9] Sakai S. C*-algebras and W *-algebras. Springer: Berlin, Heidelberg; 1998.
Print ISBN 978-3-540-63633-5, Online ISBN 978-3-642-61993-9.

[10] Zhu K. An introduction to operator algebras. CRC Press: Boca Raton, FL, USA; 1961.

© 2028 Maheshwaran et al.; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribu-tion, and
reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser address
bar)

hitps://www.sdiarticle5.com/review-history /103141

225


http://creativecommons.org/licenses/by/4.0

	Gallery_proof_2023_ARJOM_103141 - Copy.pdf (p.1)
	Gallery_proof_2023_ARJOM_103141.pdf (p.2-8)
	Introduction
	Main Results
	Conclusions


