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Abstract

Extensions and new inequalities concerning Steffensen'sinequality are presented.
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1 Introduction

Steffensen'sinequality reads as follows:

Theorem 1.1 Assume that two integrable functions f and g are defined on the interval (a,b),
that is f non- increasing and that 0 < g(t) <1in(a,b). Then

b b a+l

jf(t) dtsjf(t)g(t)dts jf(t)dt, L

b-I a a

b
where | = jg(t) dt .
As an example to Steffensen’s inequality, we can take the following:
1
f() =——, g(t)=t, a=0, b=1 tohave
(t) e a(t)
0.32<0.34<0.46.

Bellman(1950) gives the following generalization via new proof .

Theorem 1.2 Let f (t) be a non-negative and monotone decreasing in [a,b] and
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b
e L’[a,b} and let g(t)>0in [a,b] and J.g(t)dtél, where p>1 and

(1/ p) + (1/g) = 1. Then

[jlf(t)g(t)dtJ gaffp(t)dt [| :(Tg(t)dtJ] . %)

a

It may be mentioned that Bellman’s result is not correct as has been mentioned by Godunova and
Levin (1968), A generdization in a different sense is made for P <1. Inequality for

p > 1, which similar to inequality (2) is given in Berch ((1973),
Pecaric (1982), however, through some modification, gives the following result

Theorem 1.3 Let f :[0,1]] > R = (—0,0) be a nonnegative and non-increasing function and
letg:[0]] > R be an integrable function such that 0< g(t) <1 for each t[0]]. If
p=>1 then

U f(t) g(t) dtj < Ij fP(t)dt, ©)

where | :Gg(t)dt) :

The aim of this paper is to give a generalization of Theorem 1.2, as well as other new results
concerning Steffensen'sinequality.

2 Results
The following theorem gives a generalization of Theorem 1.2.

Theorem2.1 Let f,h:[a,b] & R be nonnegative functions with f non-increasing and
let g :[a,b] = R bean integrable function such that 0 < LP*g(t) < h(t) for

b
eacht e[a,b], where L :jg(t)dt. Ifp>1 then
a+l

[T f(t) g(t) dtJ < [fP@h@d, @

a
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a+l

where [ h(t)dt = LP.

Proof. Since by Hélder’s inequality

U f(t)g(t)dt] sU f p(t)g(t)dtj(j g(t)dt] ,

a

then, it is sufficient to prove that
a+l

[frmhw dtZLpl_T fP(t)g(t)dt.

a

We have
a+l

j f P(t)h(t) dt—L"* j fP(t) g(t) dt

a+l a+l

= jfp(t) h(t) dt — LP* jfp(t)g(t)dt LPt jfp(t)g(t)dt

a+l

- j £ P (t) (h(t) - LP*g(t) Jdt — LP* j f P (t) g(t) ot

a+l

>fp(a+|)j(h(t) LPg(t) )t — Lp‘lfp(a+l)_|.g(t)dt

a+l

=fP(a+l )[j h(t) dt — LP* j g(t) dtJ

a

= fP(a+l )(Th(t)dt—ﬁj

As an example, we can take:

1
f(t)=
® 1+t2

g(t)=t, h(t)=1, p=2, a=0, b=1.

Remark. Theorem 1.2 follows from Theorem 2.1 by putting
\

a=0, b=1 h(t)=1
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Corollary 2.2. Let f,h:[a,b] &> R be nonnegative functions with f non-increasing and
let g :[a,b] = R bean integrable function such that 0 < LP*g(t) < h(t) for

b
eacht €[a,b], where L:Ig(t)dt. Ifp>1 then

a+l

[T f (1) G(t) dtj < j F P (t) h(t) dt, )

a+l

where jh(t) dt =L, and F, G aredefined by
a

G(t):jg(u) du, F(t) :T f(t)dt.

In particular, if g isnon-increasing, then
p

Ij[l f (u) du] dt > Utf ) g(t) dtJ 5 ©)

Proof. We haveviaTheorem 2.1,

a+l

j FP(t)ht) dtzﬁ F(t) g(t) dt]

{
{

:[ f(t)G(t)dtJ .

Now, if a=0, b=1 in(4), we have

lj[l f (u) duj h(t) dit ZU f(t)G(t) dt)

= U f (t)jg(u) dudt] P

f (u) g(t) dudtj

—— o

f(u) j g(t) dtduj

Y — T DT @ — T

p
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z[jtf ®) g(t) dtJ .

The following gives the inequality for thecase 0 < p<1.

Theorem 2.3. Let f,h:[a,b] > R be nonnegative functions and f non-decreasing and
let g :[a,b] = R bean integrable function such that 0 < LP™g(t) < h(t) for each

b
ite[ab] where L=[g(t)dt. 1f0< p<1, then

a

ﬁ f(t) g(t) dtJ > T f P (t) h(t) ot ™

a+l

where [ h(t)dt = LP.

Proof. Since by Hélder’s inequality

U f(t)g(t)dt] zU f p(t)g(t)dtj(j g(t)dt] ,

a

then, it is sufficient to prove that
a+l b

[fr®nh® <L [ fP(t) g(t)dt.

We have
LPt j fP(t) g(t) dt - j f P(t) h(t) dt
- Lp—laf fP(t) g(t) dt + LP* T fP(t) g(t) dt - af f P (t) h(t) dt

= [P (L g(t) - h@t))dt + L™ [ £ *() g(t) it

>fP(atl )T (Lg(t) - ht)Jdt + L £ P(a+1 ) f g(t) dt

a+l

=fP(a+l )(L“Tg(t)dt—afh(t) dtJ
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—fP(a+l )[Lp —a]h(t)dt}o.

4 Steffensen’s Inequality via Double Integrals

Theorem3.1 Let f,h:[a,b]x[c,d] = R benonnegative functions and f non-increasing

w.rtsandletg:[a,b] x[c,d] = R bean integrable function such that

b
0< LP?g(s,t) < h(st) forall se[a,b],t €[c,d], where L = J'g(s,t)ds

then

d a+l

(]{j)’f(S,t)g(S,t)deth SI pr(slt)h(s,t)dsdt,

c a

1
(b—2a)°

a+l

where Ih(s,t)dSZ L?, 0<I| <b-a. Inparticular

b a+l

1 (ﬁf(S,t)g(S,t)dsdth SI pr(slt)h(s,t)dsdt,

(b—2a)°

a+l a+l

[T j f(s,t)g(s,t)dsdt]p < j j f P(s,t)h(s,t) dsdit,

a a a

1
(b-a)°

(10)

Proof. Since for any non-negative function M(X) , we have, by Hélder’s inequality

b

b Pop p-1 b
Um(x)dx} sjmp(x)dedx] = (b—a)"* [m"(x) dx,
then, we have via above and Theorem 2.1,

a+l

Uf(s,t)g(s,t)ds] < jfp(s,t) h(s,t)ds,

which implies
a+l

TU f(st) g(s,t) dsjpdt < i j f P(s,t)h(s 1) dsdt .

a

But

fp=1,

(8)

(9)
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d a+l
1

I {fp(s,t)g(s,t)dsdtz =3

m f(s,)h(s,t) dsdtJ ,

then

d a+l

: Uif(s,t)g(&t)dsdtJp SI jfp(s,t) h(s,t) dsdt .

(b—a)°

c a

Theorem3.2 Let f,h:[a,b]x[c,d] = R benonnegative functions and f non-increasing
w.rt sandt, letg:[a,b]x[c,d] — R bean integrable function such that

b
0<M2YPg(s,t) < h(st) forall se[a,b],t €[c,d], where M P = J'g(s,t) ds.

If p>1/2, then

(I [0 dsdtj ST roeonnat @y

a+l a+l a+l b

where [ [ h(s,t)dsdt =M>*'" [ [g(s,t)dsut.

Pr oof.

a+l a+l a+l b

j J.fzp(s,t)h(s,t)dsdt—Mz‘l’p j jfzp(s,t)g(s,t)dsdt

a+l a+l a+l a+l

:j jfZP(s,t)h(s,t)dsdt—Mz-“pj jfzr’(s,t)g(s,t)dsdt

—Mz-lfpj jfzp(s,t)g(s,t)dsdt

a atl

zaz (a':[' f2°(s,t)h(s,t)ds— M >V ”az f(s,t)g(s,t)ds

b
M2z sz"(s,t)g(s,t) dstt

a+l
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=az U £2°(s,t) (h(s,) - M 2¥Pg(s,t))ds— M 2 H? T f2°(s,t) g(s,t) dsJ it

a+l

a a

;T (f 2P (a+l ,t)(a]I h(s,t)ds— M 21"’Tg(s,t) ds]—

b
—MZYPE2P (a4 1) Ig(s,t)ds}dt

a+l

:T [f *P(a+] ,t)(a].I h(s,t)ds— M 2‘””jb'g(s,t) ds]dt

at+l a+l atl b
> f(a+l,a+ )“ [ h(s,t)ydsdt—m >+ | jg(s,t)dsdt)
> 0.
5 Steffensen’s Inequality via Holder’s, Minkowski’s and Hardy-
Hilbert’s I nequalities

Theorem 4.1. Let the conditions of Theorem 2.1 are satisfied. Let p >1,
1/ p+1/g=1. Then

R f;‘(t)g(t)dts(af ff’(t)h(t)dt) [f fzq(t)h(t)dtj REEP)

Proof. We have, by Theorem 2.1, via Holder’s inequality

[ 1.2 12 @ g(t) ot

[P0 O M) g* Ot

s(j fl(t)g(t)dtJ (j fz(t)g(t)dtJ
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s[af f,P (1) h(t) dt] U £.9(t) h(t) dtJ .

Theorem 4.2. . Let the conditions of Theorem 2.1 are satisfied. Let p >1,
1/ p+1/q=1 r >1. Then

Ufl(t) fz(t)gz(t)dtj <—[Tfp(t)h(t)dt] +—(qu(t)h(t)dtJ .
: q

(13)
Proof. We have, via Minkowski’s inequality

( [RACRACLERG dtj —{j [ff(t)gf(t)f;(t)gr(t)j dt]

a

r 1/r

. I L e ®, Mo ®]
la p q

[ [L000 a L0060
e P S

=1[I fl(t)g(t)dtJ +qu fz(t)ga)dtj

<_£affp(t)h(t)dtJ +—(Tf‘4(t)h(t)dtj .
p g

1/r

Hardy-Hilbert’s integral inequality has been extended by Yang (2001) via presenting the
following result

Itd >2-min{p,q}, O<_[x1‘dfp(x)dx<oo, O<Ix1‘dgq(x)dx<w, p>1,
0 0

1/ p+1/q="1.Then
J-J‘ f(X) 9()’) dXdy< k (p)[J. X9 f p(X)dXJ (TxldQQ(X)dXJ ’
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p+d-2 q+d-2
P q

where k,(p) = B(

function.

j , isthebest possible, B stands for the beta

Theorem 4.3 Let the conditions of Theorem 2.1 are satisfied for both f and g with X f P(X) ,

x"g%x),h(t)=1, a=0,b=o. Let p>1, 1/ p+1/q=1, d >2-min{p,q}.
Then

1) 9" (99" () gy
e Oy’

| Up? 1 ¢?
<k, (p) ( [xE0p P (x) de [ [ X*997 (x) de (14)
0

0

Proof. We have via Hardy-Hilbert’s integral inequality

11 h(Y)9*(99° () g,
0% (x+y)’

1/q

<k, (p)[if X" f P(x) g(x) dxj (T x"4h?(x) g(x) de

1/ ?

| p?
<k, (p) ( [xEP 7 (%) de ( [x*9he (x) dx)
0 0
6 Conclusion

Three results are given as generalizations of Steffensen’s inequality. Other two results concerning
inequalities are similar to Steffensen’s inequality but with double integrals. As well three other
results are similar to Steffensen’s inequalities via Holder’s, Minkowski’s and Hardy-Hilbert’s
inequalities.
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