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ABSTRACT

In this study, we define Gaussian generalized Guglielmo numbers in detail, and focus on four specific cases:
Gaussian triangular numbers, Gaussian triangular-Lucas numbers, Gaussian oblong numbers, and Gaussian
pentagonal numbers. In addition, we present some identities and matrices related to these sequences, as well
as recurrence relations, Binet’s formulas, generating functions, Simpson’s formulas, and summation formulas.

Keywords: Gaussian triangular numbers; Gaussian oblong numbers; Gaussian pentegonal numbers; triangular
numbers; oblong numbers; pentegonal numbers.
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1 INTRODUCTION

In this section, firstly, we give some prelimanary result on Guglielmo numbers.

The generalized Guglielmo sequence {W,, },.>0 = {W,(Wo, W1, W2) },>0 is defined by the third-order recurrence
relation as
W, =3W,_1 —3Wn_o+W,_3 (1 1)
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with the initial values W, W1, W5 not all being zero.

The sequence {W,}..>0 can be extended to negative subscripts by defining
W_n =3W_n_1) = 3W_(n_2) + W_(n_3)

forn =1,2,3,.... Hence, recurrence (1.1) is true for all integer n. Soykan has conducted a study on this particular
sequence, for more details, see [1].

Third order reccurance relations has been studied by many authors, for more detail see [2,3,4,5,
6,7,8,9,10,11,12,13,14,15].

Next, we present Binet’s formula of generalized Guglielmo numbers.
Theorem 1.1. [1, Theorem 1] Binet formula of generalized Guglielmo numbers can be presented as follows:
Wy, = A1 + Aon + A3n2

where A1, A; and As are given as

A1 = W,
Ay = %(—W2 AW — 3Wh),
As = L(Wa—2Wi+ W),
ie.,
Wa = Wo o 2 (~Wa + 41 = 3Wo)n + 5 (Wa — 23 + Wo)n?. (12)

Now we define four particular cases of the sequence {W,} as follows: the triangular sequence {T.}.>0, the
triangular-Lucas sequence {H, },»>0, the oblong sequence {O,},.>0 and the pentagonal sequence {p.}»>0 are
defined, respectively, by the third-order recurrence relations,

Tp=38Tn 1 —3Tn2+Ths, To=0T =1T,=S3, (1.3)
H,=3H,-1—3Hp_2+ Hn_—3, Ho=3,Hi =3,Hy=3, (1.4)
On =30p-1—30n-2+4+0n_3, Og=0,01 =2,02 =6, (1.5)
Pn = 3Pn-1 — 3Ppn—2 +Pn-3, po=0,p1 =1,p2=5. (1.6)
The sequences {T»}n>0, {Hn}n>0, {On}n>0 and {p»}»>0 can be extended to negative subscripts by defining,
Ton = 3T (n1) = 3T (no)+ T (n_3)
Hon = 3H_(n-1) = 3H-(n-2) + H-(n-3),
O-n = 30_(n-1) = 30_(n-2) + O_(n-3),
P-n = 3P_(n-1) = 3P—(n—2) + P—(n-3),

forn =1,2,3, ... respectively. As a result, recurrences (1.3)-(1.6) hold for all integer n.

Note that, Gaussian numbers, generally known as Gaussian integers, are a subset of the complex numbers. A
complex number is expressed in the form a + bi where a and b are arbitrary real numbers, and i is the imaginary
unit such that ;> = —1. Gaussian integers are a specific type of complex number. In other word, = is a Gaussian
integers such that z = a + bi where a and b are arbitrary integers.

Next, we give some information about Gaussian sequences from literature.

First, we give some Gaussian numbers with second order reccurance relations.
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* Horadam [16] introduced Gaussian Fibonacci numbers and defined by
GFn = Fn +Z‘Fn71

where F,, = F,_1 + F,,—2, Fo = 0, F1 = 1 (in fact, he defined these numbers as GF,, = F,, +iF,+1 and he
called them as complex Fibonacci numbers.).

» Pethe and Horadam [17] introduced Gaussian generalized Fibonacci numbers by

GFn :Fn+iFn—17
where F,, = F,,_1 + anz, Fo = 0, Fy =1.
« Halici and Oz [18] studied Gaussian Pell and Pell Lucas numbers by written , respectively,

GPn = Pn+iPnfl7
GQTL = Qn +iQn71
where P, =2P, 1+ Pr_2, Ph=0,Pr=1and Qn =2Qn-1+ Qn—2, Qo =2, Q1 = 2.

» Asci and Grel [19] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given by,
respectively,

GJn = Jp+idn-1,
Gjn = jn + i.jn—l
where J, = Jn—1 +2Jn—2, Jo =0, J1 =1and jn, = jn-1 + 2jn—2, jo = 2, j1 = 1.
» Tascl [20] introduced and studied Gaussian Mersenne numbers defined by
GM, = M, +iM,_1
where M,, = 3M,,—1 — 2M,,_2, Mo =0, My = 1.

» Tasci [21] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given by,
respectively,

GB, = Bn+iB,_1,
GC, = Cp+iCh_1
where B,, = 6B,_1 — BJ,—2, By =0, By = 1and C,, = 6Cj,—1 — Cp—2,Co =1, C; = 3.
» Ertas and Yilmaz [22] studied Gaussian Oresme numbers and defined them as
GSp = Sn +1iSn1
where oresme numbers are given by S, = Sn—1 — 1Sn_2, So =0, S1 = 3.
Now, we present some gaussian humbers with third order reccurance relations.
» Soykan, Tagdemir, Okumus and Gécen [23] presented Gaussian generalized Tribonacci numbers given by
GWp =Wn +iWpn 1
where W,, = Wy—1 + Wh—_o + W, _3, with the initial condition Wg, W7, Wa.
+ Tasci [24] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,
GP, = P,+iPy
GR, = Rn+iR.
where P, =P, 2o+ P,3,Ph=1,P =1,P,=1,and R, =2R,— 2+ Rn_3, Ro=1, Ry =1, Ro = 1.
» Cerda-Morales [25] defined Gaussian third-order Jacobsthal numbers as
GJp = Jn +idn1
where J,, = Jp—1 + Jn—2 +2Jp—3,J1 =0, o =1, Jo = 1.
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2 GAUSSIAN GENERALIZED GUGLIELMO NUMBERS

In this section, we define Gaussian generalized Guglielmo numbers and present some proporties such as Binet's
formula and generating function.

Gaussian generalized Guglielmo numbers {GW,, },.>0 = {GW,,(GWo, GW1, GW2)} >0 are defined by
GW,, = 3GW,,_1 — 3GW,,_2 + GW,_3, (2.1)
with the initial conditions
GWy = Wy 4+ i(3Wo — 3W1 + Wa), GW7 = W1 4+ iWy, GWa = Wa 4+ W,
not all being zero. The sequences {GW, },,>0 can be extended to negative subscripts by defining
GW_p = 3GW_(n_1) — 3GW_(_2) + GW_(n_3) (2.2)
forn =1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get
GW, =Wy +iW,y (2.3)

The first few generalized Gaussian Guglielmo numbers with positive subscript and negative subscript are presented
in the following table.

Table 1. The first few generalized Gaussian Guglielmo numbers

GW, GW_,
Wo + i(3Wo — 3W1 + WQ) Wo + ’i(3W0 — 3W1 + Wz)
Wi + Wy 3Wo — 3W1 + Wso + Z(6W0 — 8W1 + 3W2)
Wa + Wy 6Wo — 8W1 + 3Ws + i(10Wo — 156W1 + 6W2)
Wo — 3W1 + 3Ws + iWs 10Wo — 15W7 + 6Ws + ’i(l5Wo — 24W1 + 10W2)

3Wo — 8W1 +6Ws + Z(WO — 3W71 + 3W2) 15Wo — 24W1 + 10Ws + i(21WO — 35W71 + 15W2)

6Wo — 15W1 + 10W> + i(3Wo — 8W1 + 6W2) 21Wo — 35W1 + 15Ws + 4(28Wy — 48W1 + 21W3)
10Wqo — 24W1 + 15Ws + i(GWO — 15W71 + 10W2) 28Wo — 48W1 + 21Ws5 + ’i(36WO — 63W71 + 28W2)
15Wo — 35W1 + 21Ws + i(lOWO — 24W7 + 15W2) 36Wo — 63W1 + 28Ws + i(45WO — 80W7 + 36W2)

Gaussian triangular numbers, GW,, : GW,,(0,1,3 + i) = GT,,, are defined by

O Ut W= O3

GTy = 3GTn—1 — 3GTy_ + GT_3 (2.4)

with the initial conditions
GTy = 0,GT1 = 1,GT2 =3+1.

Gaussian triangular-Lucas numbers, GW, (3 + 3¢, 3 + 3i,3 + 3i) = GH,, are defined by
GH, =3GH,_1 —3GH,,_» +GH,_3 (2.5)

with the initial conditions
GHy =3+ 3i,GH1 =3+ 3i,GH2 = 3 + 3i.

Gaussian oblong numbers , GW,,(0, 2,6 + 2i) = GO,, are defined by
GOpn =3G0n-1 —3GO0n_2 4+ GOn_3 (2.6)

with the initial conditions
GOg = O,GOl = 2,G02 =6 + 21¢.

and Gaussian pentegonal numbers, GW,,(2i,1,5 + i) = Gpx, are defined by
Gpn = 3Gpn—1 — 3Gpn—2 + Gpn_3 (2.7)
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with the initial conditions
Gpo = 2i,Gp1 = 1,Gp2 =5+ .

Note that for all integers n, we have

GT, = Tn+iTh_1,
GH, = H,+iH,_1,
GO, = 0,+4+1i0y_1,
Gpn = pn+ipn-1.

The first few values of Gaussian triangular numbers, Gaussian triangular-Lucas numbers, Gaussian oblong numbers
and Gaussian pentegonal numbers with positive and negative subscript are given in the Table 2.

Table 2. Special cases of Gaussian generalized Guglielmo numbers with positive and negative subscripts

n 0 1 2 3 4 5 6 7 8
GT, 0 1 3+1 6+ 3i 10467 15+10¢ 21415t 284 21¢ 36 + 28:
GT_» i 1+ 3¢ 3+ 61 6+410: 10+15¢ 154217 21+ 28 28 + 361
GH, 343 3+3 3+3 3+ 3i 3+ 3i 3+ 3i 3+ 3i 3+ 3i 3+ 31
GH_, 343t 343 3+ 31 3+ 31 3+ 31 3+ 3i 3+ 3i 3+ 31
GO, 0 2 6+ 21 12+67  20+12¢ 30+20¢ 42+30¢ 56+ 427 72 + 561
GO_, 21 24 67 6+12: 12+20¢ 20+30¢ 30+42c 424 567 56 4 721
Gpn 29 1 5+1 12457 224127 35422 514357 70451 92 + 704
Gp—n 247 TH415¢ 15426t 26+4+40¢ 40+57¢ 57T+ T77¢ 77+100¢ 100+ 1264

Next, we present The Binet’s formula for the Gaussian generalized Guglielmo numbers

Theorem 2.1. The Binet’s formula for the Gaussian generalized Guglielmo numbers is
GWa = (Wo + 5 (=W +4W1 — 3Wo)n + 5 (Wa — 2W1 + Wo)n®) +i(Wo + 5 (=Wa + 4W1 — 3Wo)(n — 1) +
%(WQ —2W1 + Wo)(n — 1)2).

Proof. The proof follows from (1.2) and (2.3). O

The previous Theorem gives the following results, as special cases.
Corollary 2.2. For all integers n, we have following identities,

(@ GT,=in(n+1)+i(3n(n—1)).

(b) GH,, = 3+ 3i.

() GOn =n(n+1)+in(n—1).

(d) Gpn=in(Bn—1)+i(3 (n—1)(3n—4)).

The next Theorem presents the generating function of Gaussian generalized Guglielmo numbers.

Theorem 2.3. Let faw, (z) = Y oo, GW,x™ denote the generating function of Gaussian generalized Guglielmo
numbers. Then,

o n  GWo + (GWy — 3GWo)x + (GW2 — 3GW, + 3GWo)z?
fow, (x) = n;] GWyz" = % T — o . (2.8)
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Proof. Using the definition of Gaussian Guglielmo numbers, and substracting « f(x), 2° f (z) and z* f (x) from f(z)

we obtain

(1 -3z + 32% — 2°) fow, (x)

n=0 n=0 n=0 n=0

— i GW,z" —3 i GW,z" Tt +3 i GWaaz" 2 — i Gan"+37
n=0 n=0 n=0

n=0

= i GWpz™ —3 i GWy1z" +3 i GWy—2z" — i GW,—3z",

n=0 n=1 n=2 n=3

= (GWo + GWiz + GWaz?) — 3(GWoz + GW1iz?) + 3GWoz®

+) (GWn = 3GWy—1 +3GW, 5 — GW,,_3)a",

n=3

= GWo+ GWiz + GWaz? — 3GWox — 3GW1z” + 3GWoz?,
= GWy+ (GW1 — 3GWO)J7 =+ (GW2 —3GW; + ?)C;VVO)‘IQ7

and rearranging above equation, we get (2.8). O

Theorem (2.3) gives following results as special cases,

iz 3+3i)22 — (6+64)x+3+3i

Jor (@) = rarigy o Jom,(2) = SRS,
_ 2420 _ 4Te?+(1-60z+2i

feo, (@) = 1555 fora (¥) = S S

i GWpa"™ — 3z i GWoz™ + 322 i GWpa™ — 2° i GWpa™,

3 SOME IDENTITIES ABOUT RECURRENCE RELATIONS OF

GAUSSIAN GENERALIZED GUGLIELMO NUMBERS

In this section, we present some identities on Gaussian triangular,Gaussian triangular-Lucas, Gaussian oblong,

Gaussian pentegonal numbers.
Theorem 3.1. The following equations hold for all integer n
GTo = 1GOwss — 3GOwa + 26O,
2 2 2
GO, = 2GTn+3 — 6GTn+2 + GGTn+1,
-2 10 1
GTn — T7Gpn+2 + EG’pnﬁ»l + ﬁGpn>
Gpn = QGTn+2 — 6GTn+1 + 7GTn7

—4 20 2
GOn — EGPTL-FQ + ﬁGpn-&-l + ﬁGpny

Gpn = GOn,+2 — 3G0n+1 + gGOn.

Proof. To proof identity (3.1), we can write GT,, = aGOn13+bGOn12+cGOn 41 and solve the system of equations

we get,
GTo = aGOs3+ bGO2 + cGOq,
GIh = aGO4+ bGO3 + cGO2,
GT> = aGOs5+ bGO4 + cGO:s.

Then, we obtaina = 2,6 = f%, c= % The other identities can be found similarly. O

1
2
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Lemma 3.2. ([26])We assume that f(z) = ioj anz™ is the generating function of the sequence {a.}»>0. Then

n=0
the generating functions of the sequences {azn }n>0 and {azn+1}n>0 are stated as

Fozn(®) =D aznz" = w

and
f(Vz) = f(=/x)

[eo]
fagn i (2) = ;a%ﬂl’n = NG

respectively.

The generating functions of the even and odd-indexed generalized Guglielmo sequences are provided by the
following theorem.

Theorem 3.3. The generating functions of the sequence GWs,, and GWa,,+1 are provided by

_ GWo + (GW2 — 3GWy)z + (6GWo — 8GW1 + 3GW2)z?
- 1—3x+ 322 — 23 ’

GWy + (GWO — 6GW, + 3GW2)I =+ (3GWO — 3GW, + GW2)$2
fGW2n+1(a7) = 1— 3z + 322 — 3

fGW2n (‘T)

Proof. We only proof (3.7). From Theorem (2.3) we can obtain following identities:

GWqy — ﬁ(GW1 — 3GWO) +x (3GWO — 3GW7 + GWQ)
fGWn(\/E) = 3 .
3z +3Vx+ 72 +1
GWo + \/E(GW1 —3GWy) + z (3GWy — 3GW1 + GWa3)
fGWn(_\/E) = - 3 .
3Vr—3zx+z2 —1

Thereby, using lemma (3.2) identity (3.7) can be proved . The other identity can be found similarly. O

From Theorem (3.3), we get the following corollary.

Corollary 3.4.
(a) ( )22 + (3 +1) 2+ ( )
1+3i)a® +(3+i)x iz’ + B +3)z+1
far, (x) = 1—3z+322 —2° and fey,. () = 1—3z+3z2—a3
(b)

(34 3i)x® — (6 + 6i) x + 3+ 3i  (3+3i)2® — (6+6i)x+3+3i

= - and = :
far,, (z) 1— 3z + 322 — 23 Ferrzn i (2) 1 -3z + 322 — 23

(c)
(2+6i)2° + (6 + 2i) x
1—3x 4 322 — 23

2iz® + (6 + 6i) x + 2
and fco,, . (z) = 1— 3x(+ 32 — 3

fGos, () =

(d)

(7+15i) 2> + (5 — 5i) @ + 2i 2472+ (9+5)x+1

fGpan (l‘) = 1— 3z + 322 — 23 and pr2n'+1 (x) B 1—3x + 322 — 23

From Corollary (3.4) we can obtain the following corollary which presents the identities on Gaussian
Guglielmo sequences
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Corollary 3.5.

(a) B3+ i)GHan—2+ (1+3i1)GHan—4a = (34 31)GTan — (6 4 61)GT2n—2 + (3 + 31)GTopn—4.

(b) 2iGTon—4+ (6 + 69)GTon—2 + 2GTo, = (34 1)GO2n—1 + (1 4 31)GO2p,—3.

(c) (7T+150)GTon—a+ (5 —51)GTon—2 + 2iGTo, = (34 i)Gpan—2 + (1 + 31)Gp2n—4.

(d) (3+30)GO02s—a — (64 6i)GO2,—2 + (3 + 3i)GOay, = (24 6i)GHop—a + (6 + 2i)G Hap—o.

(e) (7+15i))GHan a4+ (5 —5i)GHan 2+ 2iGHon = (34 3i)Gpan—a — (6 4 6i)Gpan—2 + (3 + 3i)Gpan.
(f) (7+151)GO2n—s + (5 — 51)GO2n—2 + 2iGO2y, = (2 + 69)Gp2n—4 + (6 + 2¢)Gpan—2.

(9) iGHap—3 + (34 31)GHop—1 + GHant1 = (3 +30)GTan—3 — (6 + 6i)GTan—1 + (3 + 31)GTan 1.
(h) iGHapn—s+ (34 3i)GHaon—2+ GHan = (34 31)GTon—3 — (6 + 69)GT2n—1 + (34 3i)GTon41.

(i) iGO2n—4a+ (3+31)GO2—2 + GO2s = (24 6i)GTon—3 + (6 + 20)GT2n 1.

(i) iGpan—3+ (3+ 391)Gp2n—1+ Gpant1 = 2+ T0)GTon-3 + (9 + 51)GTon-1 + GTony1.

(K) (3+30)GO02n_3 — (6 +6i)GO2n_1 + (3+ 31)GO2n11 = 2iGHap, 3+ (6 + 6i)GHap 1 + 2GHop 1.
(I) 2iGpan—3+ (6 + 61)Gp2n—1 + 2Gpant1 = (2 + Ti)GO2n—3 + (9 + 51)GO2n—1 + GO2p11.

Proof. From Corollary (3.4) we obtain
(3 +d)z + (14 31)2°) famy, = ((3 4 3i) — (6 4 6i)z + (3 + 3i)2”) fars, -
The LHS (left hand side) is equal to

(34 i)x + (14 3i)z°) i GHapa"

n=0

LHS

e}

Mz

= (B+i)z Y GHopa" + (1+43i)2” Y  GHapa"
n=0 n=0
= (3+44) i GHanz"t + (1 4 30) i GHapz""
n=0 n=0
= (3+14) i GHazp_2z™ + (1 + 3i) i GHap_sz"
n=1 n=2
= (3+4)(3 i ((3+11)GHan—2 + (14 3i)GHap—4)z"”
whereas the RHS (right hand side) is equal to _
RHS = ((3+43i)— (6+6i)z+ (3+3i)z Z GTonz"

= (3+3i) Y GTra" — (6 + 6i)x ZGTgn:c + (34 3i)z Z GTonz"

n=0 n=0
= (3+43i) ) _ GTaa" — (6+6i Z GTona" ™ + (34 3i Z Tonz"
n=0 n=0 n=0

= (343i))  GTrna" — (6+6i) Z GTon_2z™ + (34 3i) Z GTon_sz"

n=0

= (B+i)(B+3i)z+ Z((s +30)GTon — (6 + 6i)GTon_2 + (3 + 30)GTon_4)z"

n=2
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Comparing the coefficients and the proof of the first identity (a) is done. We can present other identity similarly. O
We can get an identitiy related to Gaussian Guglielmo numbers and triangular numbers given below.

Theorem 3.6. For all integers m,n the following identity holds:

GWm+n = T’mflGW'rH»Q + (Tm73 - 3Tm72)GWn+1 + Tm72GWn-
Proof. First, we assume that m,n > 0. the theorem (3.6) can be proved by mathematical induction on m. If m =0
we get
GW,, = T71GWn+2 =+ (T73 — 3T72)GWTL+1 + T _GW,

which is true since T_; = 0,7_, = 1,73 = 3. We assume that the identity given holds for m < k. Form =k + 1,
we get

GWeity4n = 3GWnix —3GWhyr—1+GWyik_2

= 3(Tk-1GWhpi2 + (Th—3 — 3Tk—2)GWini1 + T 2GWy)
=3(Th—2GWhni2 + (Th—a — 3Tk—3)GWat1 + T—3GW,,)
F+(Th—3GWhnia2 + (Th—5 — 3Th—a)GWni1 + T aGWy,)

= (3Tk-1—3Th—2+Ti—3)GWhni2 + ((3Th—3 — 3Th—a + Tk—5)
—3(3Tk—2 = 3Tk—3+ Tr—4))GWni1 + (3Th—2 — 3Tk—3 + Th—a)GW,

= TuGWat2 4+ Th—2 — 3Tk—1)GWhy1 + T 1 GWh

= Tt+1)-1GWai2 + (Tk+1)—3 — 3T (h+1)—2) GWna1 + T(k41)—2GWa.

Consequently, by mathematical induction on m, this proves Theorem (3.6). The case m; n < 0 can be proved
similarly.” with the sentence “For the other cases, the identity can be proved similarly. O

Forn > 0,m > 0 and taking GW,, = GT,, or GW,, = GH,, or GO,, = GW,, or GW,, = Gp,, , respectively, we get,

GTmsn = Tm-1GTns2 + (Tm—s — 3Tm—2)GTos1 + T—2GTh,
GHmin = Tm-1GHnis+ (To—s — 3Tm—2)GHnsr + Trm—2GHy,
GOmin = Tm-1GOni2+ (Tm-3 — 3Tm—2)GOnyt1 + Tr—2GOn,
Gpmian = Tm-1Gpnt2 + (Tm-3 — 3T m—2)Gpnt1 + Trn—2Gpn.

4 SIMPSON’S FORMULA

In this section, we present Simpson’s formula of generalized Gaussian Guglielmo numbers. This is a special
cases of [27, Theorem 4.1]. We give the proof by calculating determinant and using Binet’s formula of Gaussian
generalized Guglielmo numbers [28, 29].

Theorem 4.1 (Simpson’s formula of generalized Gaussian Guglielmo numbers). For all integers n, we can write
following equality
GWhni2o GWyppr  GW,
CWnp1  GW,  GWnoy | = —(GWo — 2GW1 4+ GWa)®.
GWn GWn—l GWn—Q
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Proof. Using Theorem (2.1) we can obtain

GWn+2 GWn+1 GWn
GWys1  GW,  GWa_q | = i((1—1i)Wo—(2—2i) Wi+ (1 —1i)Wa)?
GWn GWn—l GWn—2
= —i*(1 =) (Wo — 2W, + Wa)?
(—’i — 14)3(Wo —2W1 + WQ)S
—(1 =+ i)3(WO —2W1 + W2)3
—(Wo — 2W1 + Wa +i(Wo — 2W1 + Wa))?
= —(GWy —2GW, + GW>)%. O

From the Theorem (4.1) we get the following Corollary.

Corollary 4.2. For all integers n, we get the following identities.

GTn+2 GTn+l GTn
(a) GTn+1 GT,, GTp-1 = 2(1 — ’L)
GTn GTnfl GTn72
GHn+2 GHn+1 GHn
(b) | GH,y1 GH, GHp—1 |=0.
GHn GHn—l GHn—Q
GOny2 GOpy1 GO,
©) | GOns1 GO,  GOn_y | =16(1—1i).
GOn Gon—l G0n72
Gpn+2 Gpn+1 Gpn
(d) Gpn+l Gpn Gp'nfl = 54(1 — ’L)
Gpn Gpn—l Gpn—Q

5 SUM FORMULAS

In this section, we identify some sum formulas of generalized Gaussian Guglielmo numbers.
Theorem 5.1. For all integers n > 0, we have sum formulas given below

(a) Zn: GWy = 2 (n+1) (n(n—1)Wa2 —n(2n —5)W1 + (n> —4n+ 6)Wo) + % (n + 1) ((n® — 4n+6)W2 — (2n° —
k=0
11n + 18)W; + (n? — Tn + 18)Wo)i.

() 3 GWar = L (n+1) ((4n? —n) Wa — 8 (n® — n) Wi + (4n? — Tn + 6) Wo) + L (n + 1) ((4n? — Tn + 6) W —
k=0
2(4n? — 10n 4+ 9)W1 + (4n? — 13n + 18)Wo)i.
(c) Xn:Gng.H =1 (n+1)((4n® +5n) Wa — 2 (4n” + 2n — 3) W1 + (4n® —n) Wo) + % (n + 1) ((4n® — n)Wa —
k=0

8(n? — n)Wi + (4n® — Tn + 6)Wo)i.

10
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Proof. From (2.3) we can write the following sum formulas.
D GWi = Y Witiy Wi,
k=0 k=0 k=0
ZGW% = ZW% +1 ZWQk—l,
k=0 k=0 k=0

ZGW2k+1 = ZWZkJ,-I +iZW2k-
k=0 k=0 k=0

Using Soykan [1, Theorem 34] we can write

@) éowk = L(n+1) (n(n — YWa — n(2n — W1 + (n® — dn + 6)Wp).

(b) éoWH =1(n+1)((n*—4n+6) W2 — (2n® — 11n+ 18) W1 + (n® — Tn + 18) W) .

() k’z:LOW% = L(n+1) ((4n% — n) Wa — 8 (n? — n) Wi + (4n% — Tn + 6) Wo) .

(d) kﬁ:OWQk_l =1(n+1)((4n* —Tn+6) Wo —2(4n*> — 10n+ 9) W1 + (4n® — 13n + 18) Wo) .
(e) kzijow%ﬂ =1 (n+1)((4n* +5n) W2 — 2 (4n® 4 2n — 3) W1 + (4n® — n) W) .

So that, the proof is done easily.C]

The previous theorem gives the following Corollary.

Corollary 5.2.
@) éOGTk =ln(mn+2)(n+1)+in(n—1)(n+1)i
(b) éOGHk —3(n+1)+3(n+1)i

©) éoc:ok —ln(n+2) (n+1)+in(n—1)(n+1)i

(d SGpr=3in"(n+1)+1n+1)(-3n+n*+4)i.
k=0

Next, we give sum formulas which are given by even subscripts.

Corollary 5.3.

@ > GTor = Ln(dn+5) (n+ 1)+ tn(n+1) (4n — 1)i.
k=0

(b) Zi:Gsz=3(n+1)+3(n+1)i.

k=0

(©) > GO = L (8n* +10n) (n+1) + ¢ (8n* = 2n) (n+1)4.
k=0

11
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(d) Xn:szk =in(dn+1)(n+1)+ 3 (n+1) (=5n+4n” 4+ 4) .
k=0

Next, we give sum formulas which are given by odd subscripts.

Corollary 5.4.

(@ > GTui1i=1(n+1)(4n*+1In+6)+ tn(4n+5) (n+1)i.
k=0

(b) XR:GH%H =3(n+1)+3(n+1)i.
k=0

n

(€) > GOazyi1 =2 (n+1)(8n° +22n +12) + £ (8n* 4+ 10n) (n + 1) .
k=0

(d) > Gpor1 =3 (n+1)(12n° +21n+6) +  (12n° + 3n) (n+ 1) 4.
k=0

5.1 Sums of Squares

Theorem 5.5. For all integers m and j, Wy, W1, Wy are the initial values of (1.1), we have the following sum
formulas for generalized Gaussian Guglielmo numbers

~ 2_n+1
> oawi = oo v
k=0

where U, (,vand ¥ are U = ( — v + 10,

¢ = Wi(12n* — 42n3 4 42n% — 12n) + 8WE(6n* — 36n> 4 66n% — 36n) + W& (12n* — 102n° + 342n% — 612n +
720) + 4Wo W (6n* — 36n° + 7602 — 76n 4 60) — 2W1 Wa(24n* — 114n® + 154n? — 64n) — 2Wo Wi (24n* — 17403 +
454n? — 544m + 360),

v = Wi(6n* — 36n% + 86n° — 116n + 120) + 4WZ(6n* — 51n> + 161n? — 251n + 270) + W& (6n* — 66n° +
296n? — 716n + 1080) + 2WoWa(6n* — 51n® + 171n? — 306n + 360) — 2W1 Wa(12n? — 87n® + 237n? — 342n +
360) — 2WoWi(12n* — 117n3 + 447n? — 882n + 1080),

¥ = W3 (12n* — 42n3 4+ 42n° — 12n) + SWE(6n* — 3613 + 661> — 36n) + W3 (12n* — 102n> + 342n> — 612n +
720) + 4Wo W (6n* — 36n° + 7602 — 76n 4 60) — 2W1 Wa(24n* — 114n® + 154n? — 64n) — 2Wo Wi (24n* — 17403 +
454n? — 544n + 360).

S GWiGWi 1 = io (n+ 1) (A = Aa) +i(T's + 2T%))
k=0
where \1, \1, 'y andT's are

A1 = Wi (12n* — 42n® +42n2 — 12n) + 8WE(6n* — 36n° + 6612 — 36n) + W (12n* — 102n® + 342n% — 612n +
720) + 4WoWo(6n* — 36n° 4- 7612 — 76n + 60) — 2W1 W2 (24n* — 114n> + 154n? — 64n) — 2W,o W1 (24n* — 174n° +
454n? — 544n + 360),

A2 = 8WE(6n* — 661> +276n2 — 5760+ 720) + W3 (12n* — 102n® 4 342n? — 612n +720) + W (12n* — 162n° +
882n? — 2532n + 4320) + 4Wo W2 (6n* — 66n> + 286n% — 6461 + 900) — 2W1 W2 (24n* — 234n> 4- 874n? — 1684n +
2040) — 2Wo W1 (24n* — 294n° + 1414n2 — 3484n + 5040),

[ = Wi(12n* =720 +132n% —72n) + 8WE(6n* — 510> +141n% — 141n) + W§ (12n* — 13203 +552n> —1152n+
1440) + 4WoWa(6n* — 51n® + 15102 — 196n + 180) — 2W; Wa(24n* — 174n® + 394n? — 304n) — 2Wo W, (24n” —
234n° + 814n? — 1264n + 960),

[y = W3(6n* — 36n3 + 86n? — 116n + 120) + 4WZ(6n* — 51n3 + 161n? — 251n + 270) + WE(6n* — 66n° +
296n? — 716n + 1080) + 2WoW2(6n* — 51n® + 171n® — 306n + 360) — 2W1Wa(12n* — 87n> + 237n? — 342n +
360) — 2Wo Wi (12n* — 117n® + 447n? — 882n + 1080).

12
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Proof: From (2.3) we can write the following sum formulas.

SEWE = > WP Wi 420y WiWia
k=0 k=0 k=0 k=0
ZGWkGWk—l = Z(Wka—l — Wi aWi_2) + iZ(Wka—z +Wisy).

k=0 k=0 k=0

Using Soykan [1, Theorem 41], we write following equalities.

~ 2 _ n 4+ 1
D Wi = 120 &
k=0
- 2 o n + 1
2 Wi = g e
k=0
iw W _ on+1 Q
W1 = —=th.
k=0
u n+1
D WeaWis = .
k=0
_ n+1
I Q3.
kZ:OWka 2 210 13

where Ay, Az, Q1, Q2 and Q3 are

Ay = 4WE(6n* — 21n° 4+ 11n? +19n) — W3 (—6n* 4 61> 4-4n? — 4n) + W5 (6n* — 3613 4-86n> — 1161+ 120) +
2WoWa(6n* — 21n® + 21n? — 6n) + 2W1 Wa(—12n* + 270 + 3n? — 18n) — 2Wo W1 ((12n* — 570 + 87n% — 42n),

Ao = WE(6n* — 36n° 4 86n° — 116n + 120) + 4WZ(6n* — 51n® + 161n? — 251n + 270) + W§(6n* — 66n> +
296n? — 716n + 1080) + 2WoWa(6n* — 51n® + 171n* — 306n + 360) — 2W1Wa(12n* — 87n> + 237n? — 342n +
360) — 2Wo Wi (12n* — 117n° + 447n% — 882n + 1080),

Q= WZ(12n* — 42n® +42n2 —12n) +8WE(6n* — 36n° 4 66n* — 36n) + W§ (12n* — 102n3 4 342n% — 612n +
720) + 4WoWo (6n* — 36n° 4- 7612 — 76n + 60) — 2W1 W2 (24n* — 114n> + 154n? — 64n) — 2W,o W1 (24n* — 174n° +
454n* — 544n + 360),

Qo = 8WE(6n* — 660> +276n? — 57604 720) + W3 (12n* — 102n° + 34202 — 612n+ 720) + W (12n* — 162n° +
882n? — 2532n + 4320) + 4Wo W2 (6n* — 66n> + 286n% — 6461 4 900) — 2W1 W2 (24n* — 234n> 4- 874n? — 1684n +
2040) — 2Wo W1 (24n* — 294n° + 1414n2 — 3484n + 5040),

Q3 = WZ(12n* —72n3 +132n% — 72n) +8WE (6n* — 51n® 4+ 141n2 — 141n) + W§ (12n* — 1320 +552n% — 1152n+
1440) + 4WoWa(6n* — 51n® + 15102 — 196n + 180) — 2W; Wa(24n* — 174n® + 394n? — 304n) — 2Wo W, (24n” —
234n® + 814n? — 1264n + 960). O

The previous theorem provides following corollary.

Corollary 5.6.

@) kXZ:OGT,f =1n2(n+1)° +i(L (n+1)n(n—1)2n+1) (n+2)).
(b) 3. GH? = 18i(n+ 1).
(€©) >GOi=n*(n+1)°+i(t(n+1)n(n—1)2n+1)(n+2)).

(d) fjcpi =10Bn—4)(n+1)(—n+3n>+4) +i(z (n+1)n(n—1) (—45n + 54n” — 26)).

13
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(€) 3 GTGThr = (n+1) (n—1) +i(gon (n 1) (n+ 1) (3n° ~ 7))

) S GH.GHi 1 = 18i (n +1).
k=0

@) éo(;okao,H =n?(n—1)(n+1)+i(Zn(n—1)(n+1) (32 —7)).

(h) > GpiGpr-1=32(Bn—T7)(n+1) (—4n+3n> +8) +i(5 (n + 1) (27n* — 117n® 4+ 167n* — 107n + 120).
k=0

6 MATRIX FORMULATION OF GWy

Consider the triangular sequence {7}, } defined by the third-order recurrence relation following
Tn=3Tn-1—3Th—2+Th_3

with the initial conditions
To=0, Ty =1, Th = 3.

We define the square matrix A of order 3 as

such that det A = 1. Then we give the following Lemma.

Lemma 6.1. Forn > 0 the following identity is true

GWio 3 =3 1\"/ GWs
GWat1 | = 1 0 GW: (6.1)
GW, 0 1 GWy

Proof. The identity (6.1) can be proved by mathematical induction on n. If n = 0 we obtain

GWa 3 -3 1\°/ G
aw, |=[1 0o o GW,
GW,, 0 1 0 GWo

which is true. We assume that the identity given holds for n = k. Thus, the following identity is true.:
GWiio 3 =3 1\"/ GWs
GWisr | =11 0 0 awr | .
GWy 0 1 0 GWy

14
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Forn =k + 1, we get

3 -3 1

1 0 O

0 1 0

3 -3 1 GWig2
= 1 0 0 GWi41
0 1 0 GWy,

3GWi42 — 3GWit1 + GWy )

/-~
o = W
—_ |
w
oo
N~
Eod
£
VY
QON
SXF
~
Il

GWiya
GWi1

GWiys
CWiis |-
GWiyt

Consequently, by mathematical induction on n, the proof is completed. O

Note that

Tn+1 _3Tn + Tn—l Tn
An = Tn _3Tn71 + Tn72 Tnfl .
Tn—l _3Tn—2 + Tn_g Tn_g

For the proof see [12].

We define
GW2, GWh GWo
New =| GW1» GW, GW_-1 |, (6.2)
GWo GW_1 GW_3
GWhnya GWppr  GW,
Ecw=| GWps1 GW, GWp_1 |. (6.3)
GW, GW,_1 GW,_2

Now, we have the following theorem with New and Ecw

Theorem 6.2. Using New and Ecw, we get
AnNGW = ng.
Proof. Note that we get

Tn+1 3T, +Tn_1 Th GWo GW1 GWqy
A"New = Tn —3Tn-1+Th—2 Th-1 GWh GWy GW_q ,

Tho1w —3Tn—2+Th-3 Th_2 GWy GW_1 GW_,

a1l a2 a13
a21 Q22 (23
asiy az2 as3

15
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where
a1 = GWoThy1 + GWq (Tt — 3T) + GWoTh,
a2 = GWiTps1 + GWo (Tuor — 3T0) + GW_1Th,
ais = GWoTwsr +GW_y (Tu1 — 3T,) + GW_oTp,
az1 = GWoT, + GWi (Th—2 —3Tn—1) + GWoTn_1,
4y = GWiTyn + GWo (Tn—z — 3Tu_1) + GW_1Tn_1,
as = GWoTn +GW_1 (Th—2 —3Tn-1) + GW_oT_1,
as1 = GWoTh_1+ GWi (Th—s — 3Tn_2) + GWoTh_2,
4z = GWiTw_r + GWo (Tas — 3Tn—2) + GW_1Tp_o,
ass = GWoTu_r +GW_1 (Tus — 3Tn_2) + GW_2Th_o,

Using the Theorem (3.6) the proof is done. O

By taking, GW,, = GT,, with GTy, GT1, GT» in (6.2) and (6.3), GW,, = GH,, with GHy,, GH1, GH> in (6.2) and
(6.3), GW,, = GO,, with GOg, GO1, GO in (6.2) and (6.3), GW,, = Gp, with Gpo, Gp1, Gp2 in (6.2) and (6.3)
respectively, we get:

3+:¢ 1 0 GTht2 GThta GT,
Ngr = 1 0 ., Eer=| GTwyn GT. GTu
0 i 143 GT, GThn-1 GTn_o
34+3i 34+3i 3+3i GHny» GHny1 GH,
Ney = 3+3i 3+31 3+3¢ ., Ecu = GHp 41 GH, GH,_
3+3: 3+30 3+3 GH, GH,-1 GH,_»
6+2i 2 0 GOnt2 GOpia GO,
Ngo = 2 0 21 , FEco = GOnt1 GO, GO,_1
0 2i 2461 GO, GOp-1 GOp_2
5+1 1 24 Gpnt+2  Gpnti Gpn
Ngp = 1 2% 24T . Eepy=| Gpnyr Gpn Gpu1 |.
20 24Ti T4+15 Gpn  Gpn-1 Gpn-2

From Theorem (6.2), we can write the following corollary.

Corollary 6.3. The following identities are holds

(@) A"Ngr = Egr.
(b) A"Ngu = Egn.
(b) A"Nco = Eco.
(c) A"Ngp = Ecp.

7 CONCLUS'ON triangular-Lucas numbers, Gaussian oblong numbers,
and Gaussian pentagonal numbers.

+ In section 1, we present some background about
the Gaussian generalized Guglielmo numbers
and give some information about Gaussian
sequences from literature.

* In section 2, we define Gaussian generalized
Guglielmo numbers and give some proporties
such as Binet’s formula and generating function.

In the literature, there have been so many studies
of the sequences of numbers and the sequences of
numbers were widely used in many research areas,
such as physics, engineering, architecture, nature
and art. In this paper, we introduce the Gaussian
generalized Guglielmo sequence and focuse on four
specific cases: Gaussian triangular numbers, Gaussian

16
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» In section 3,we present some identities, using

reccurance relation and generating function,
on Gaussian triangular,Gaussian triangular-
Lucas, Gaussian oblong, Gaussian pentegonal
numbers.

* In section 4, we give Simpson’s formula of

Gaussian generalized Guglielmo numbers.

* In section 5, we identify some sum formulas of

Gaussian generalized Guglielmo numbers.

« In section 6, We give the square matrix A™ using

triangular sequence {7,.} and present some
identies abouth Gaussian generalized Guglielmo
numbers.
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