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Abstract

Differential transform method (DTM) as a method for approximating solutions to differential
equations have many theorems that are often used without recourse to their proofs. In this
paper, attempts are made to compile these proofs. This paper also proceeds to establish the
convergence of the DTM for ordinary differential equations. This paper establishes that if the
solution of an ordinary differential equation can be written as Taylors’ expansion, then the
solution can be obtained using the DTM. This is also demonstrated with some numerical examples.
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1 Introduction

One of the main focus of research in recent times is on the methods for solving nonlinear ordinary
differential equations since most partial differential equations can be transformed to some nonlinear
ordinary differential equations by means of some rescaling terms. Perturbation Methods, Adomian
Decomposition Method (ADM) ([1, 2, 3, 4, 5]), Variational Iterative Method (VIM) ([6, 7, 8]),
Differential Transform Method (DTM) [9, 10, 11, 12, 13|, Homotopy Perturbation Method [14] and
Homotopy Analysis Method (HAM) are some of the widely used methods for solving nonlinear
problems.

The Perturbation Methods, ADM, DTM and VIM are very effective in handling weakly nonlinear
problems while HAM can handle weakly as well as strongly nonlinear problems.

Despite the wide applicability of the Homotopy Analysis Method, it requires the solution of some
differential equations and some quadratures. When the problem involved is large, the quadratures
become too cumbersome and uneasy to handle but the DTM has an advantage over this setback. The
DTM reduces the problem to a set of recursive equations that can easily be handled recursively.
DTM has been applied to solve linear and nonlinear systems of ordinary differential equations
[15, 11, 16, 17, 18, 12, 19, 20, 7, 3, 21, 13, 22, 23] and it is applied to solve some biological equations
in [24, 25].

Based on the assumption that the reader is familiar with DTM, most authors omit the proofs of
some theorems. This assumption inspires the first part of this paper. Proofs of some important
theorems which are often omitted are presented. These theorems are then extended with proofs.
Moreso, we further show that the DTM converges to the exact solution when the problem involved
is linear (whether homogeneous or nonhomogeneous).

Finally, we establish these proofs with some examples.

2 Differential Transform

The Differential Transform Method is an extension of the Taylor Expansion Method. The Taylor
expansion for a function y(z) about the point x = ¢ is defined as

y(x) =Y % ;ﬁy(w)‘ : (2.1)

k=0

Tr=a

Define the differential transform ([9, 10, 26]) of the function y(z) about x = a as

1 d*
DTy (@) = ¥a K = ;41200 22
and the inverse transform as
DT {Ya [k} = y (@) = 3 Y k] (w — z0)". (2.3)
k=0
We also define the differential transform of y(z) about = 0 as
DT (@) =Y K= & & o) 24)
vl =5 aer | ‘
and the inverse transform as
DT {Y [k} =y (z) = ) Y [k]2". (2.5)
k=0
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We define the Mth order approximation of y(z) as

y(z)=> Y [ka". (2.6)
k=0

3 Theorems in Differential Transform

The following theorems and some of the proofs can be found in [9, 13, 10, 26, 27, 28, 29]. In the
following theorems, we shall suppose «, 3, , ¢ are constants and that

DT {y(x)} = Y [k], DT {a; ()} = A; [k], DT {f(z)} = F[k], DT {g(x)} = G[K], DT {a(x)} = A[K]

0 k#n
Okn = . 3.1
h {1 k=n (8-1)

and define the delta function as

Theorem 3.1. Linear combination. Linear combination is closed under differential transform i.e.
ify(z) = af(x) £ Bg(x), then Y[k] = aF[k] + BGIK].

Proof.
DI(u(@) = s (0 (0) % a(e)| = aF 1) G4
]
Corollary 3.2. Scalar Multiplication. If y(z) = af(x), then Y[k] = aF[k].
Proof. This follows from theorem 3.1 by setting 8 = 0 O
Theorem 3.3. Polynomial function. If y (x) = cz™, then Y [k] = cdn ik
Proof. By definition
Y [K] %Cgv—kkcx” O—C{é Z;Z COn. ke
O
Corollary 3.4. Constant function. If y (z) = ¢, then Y [k] = cdo,k
Proof. By setting n = 0 in theorem 3.3, the proof is complete. O
Theorem 3.5. Exponential function. If y () = e *?, then Y [k] = eb%c
Proof. By definition
k k
Yk = % d:lr—keamM . = eb%.
O
Theorem 3.6. Trigonometric functions. If y () = sin (ax + b) and y (x) = cos (azx + b) then
Y [k] = %I: sin (%r + b) and Y [k] = %I: cos (%T + b) (3.2)

respectively.
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Proof. By definition
d

_ 1 o 1 & km . ak . km
Y[k = H ksm(aerb) T a” sin (am+b+ 5 ) TH sm( 5 +b),
and similarly,
a® km
Y [k] = - cos ——l—b
O
Theorem 3.7. nth derivative. If y (z) = %f (), then
Y [k] = <H k+r > [k+n].
r=1
Proof. By definition
1 d" (d" T
YIM = g &r (Wf(“’))‘zzo A
n 1 dk«H'L n
= ([T®+n (WW“) ): [[k+r) | Flk+n).
r=1 ’ z=0 r=1
O

Corollary 3.8. The differential transform of
f'@), £ (@), £ (x) are (k+ 1) Flk+1], (k+1)(k+2) F[k+2], (k+1)(k+2)(k+3)F[k+3]
respectively.

Proof. These results are obtained by simply setting n = 1,2, 3 respectively in theorem 3.7. O

Theorem 3.9. Convolution theorem. If the convolution of F [k] and G [k] is defined as

FlRl@GK =Y F[rGk-r]

then

DT{f(z)g(x)} = F [k ® Gk = Gk F [k
Proof. Let

y(z) = f(z)g(x)
then
k k r k—r
I = el @@ =3 g @) e @)
k r k—r k
- Y G @] (k_lr)!dik @ =Y FEGE- @
by interchanging the roles of f and g, we also have
k k

Y[k]=) G Fk—r]=> Flk—rG[r]. (3.4)
Hence,

DT{f(x)g(x)} =F[k]®G[k] =G k] ® F[k]. (3.5)
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Theorem 3.10. Suppose

then

kp—2

k k1
= Z Z Z Fl [TI]F2 [7'2]"'an1 [Tnfl] Fn [kn—ll

r1=07r2=0 Tp—1=0

where

p
Icp:k:—Hm-, 1<p<n

i=1

Proof. By definition

S0,

R o
Yk = kl (/ﬂ'm' dzrm h (I)’zzo dzkr (H2 fi ($)>

- Y Al (,j, 4 (_H i <x>)

r1=0

repeating this process again, we have

Sl 2 ()

r1=0 ro=0

)

kn—1 Ky —
1 d n—1
Y[kl = Z Fy [r1] ZF2 [ro] - Z Fo_q1|rn—1 <k7,1' m(fn(x))

and continuing in this manner for n — 1 times, we have

"

r1=0 ro=0 Trn—1=0
k
= ZFI 1] ZF2[T2 Z Frq[rn—1] F [kn—1]
r1=0 r9=0 Trn—1=0
k ko kn—1

= 3 S R Elral- Fact [raca] Flka-].

r71=07r2=0 Tp—1=0

Theorem 3.11. Suppose

then
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Proof. By definition

k n m
VI = e (e d @) s @)

1 k dr dk r dm
— HZkCder (dx"f( )) Py (dximg(m))

_ - 1 dn+r 1 derka
- Z i e A C) mwg(ﬂf)

(r—l—i)) <
(r—l—i)) <

s

(k—r—i—j)) (e’ @) (= ameens®)

(k—r—l—j))F[r—&—n}G[k—r—i—m]

d=h

@
Il
—
Il
—

=
=
I

I
=N
s

=0 \i=1 =1
O

Theorem 3.12. Ify(z) = (1 + )™ then Y [k] =" Ck

Proof. By definition

v = 29y — " (14 a2) o
Kl da* o a=0

O

Theorem 3.13. If

z) = / o
then ’
vir-{buu 130
Proof. Let f (x) be the anti-derivative of f (z), then
" rar= @) -7 0)
and
Y = g ([0) - - o)
When k£ = 0,
Y[o] = f(0)-f(0)=0
and when k > 0, we have
Y = g C@-T0) = derw| - R

(I
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Theorem 3.14. If y(z) = f (az) then
Y [k] = a"F[K].
Proof. By using the inverse differential transform, we have
f@) =Y FlKa"
k=0
and clearly,

flax) = ZF[k] (ax)* = ZakF[k} "

and the differential transform is

Y [k] = DT {f (az)} = a"F [K].

O
Theorem 3.15. Y [k] and Y, [k] are related by the relations
Y[kl =Y "Ck Yalr](—a)" " and Ya[k] =) "Cy-Y[r]a" "
r==k r==k
Proof. 1f
Vel = o Lyt 36)
R TIPEIEAt I '

then the inverse differential transform is

y(z) =Y Yalkl(z —a)".

=0

By substituting the Binomial expansion, we have

=) k o k
y(@) = Y Yalk]) "Ca" (-a)T = YN RO Yl (—a)" T

k=0 k=0 r=0
= ZZTC';C Yo [r] z" (—a)T_k = Z (Z "Cl - Yo [r] (—a)T_k) zF
k=0r==k k=0 \r=k
and therefore -
Ykl => "Ck Yalr](—a)""
r=k

Similarly,

By substituting the Binomial expansion, we have

[eS) k ook
ylxz) = ZY[k}ZkCT(:E—a T = ZZkC’,--Y[k] (x—a) a""
k=0 r=0 k=0 r=0
= Y > C-Yl(@—a)fa " = > ( "Cr - Y [r] a’"’“> (z —a)*
k=0r=k k=0 \r=k



Oke; JAMCS, 24(6): 1-17, 2017; Article no.JAMCS.36489

and therefore

Yalkl=>_ "Ck-Y[r](-a)".

O
4 Main Results
Theorem 4.1. If
v = [ Fga
0
then
0 k=0
Y [k] = .
g {;zf;F[r}G[k—1—r] k>0
Proof. Let §(x) be the anti-derivative of f (z)g(x), then
f@)g(t)dt =g (z)—7(0)

0

and
1 dk T
Y[k = T dok f#)g(t)dt .
1 d _
= @ -TO)|

When k£ =0,

Y] = 5(0)—-g(0)=0.
and when k£ > 0, we have

1 d* _
VI = g g 0 -7 O0)
11 drt

= a9

By applying the convolution theorem 3.9, we have
1kt
Y[k = E;F[r]G[kflfr]
O

Theorem 4.2. Initial conditions. If

d" @
wy(m) T a thenY [n] = o
Proof. By definition
= e
T k! dat —o
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and so, when k = n, we have

1 d
Yinl= - 2
= o )|
and inserting the initial condition, we have
o

O

Corollary 4.3. Ify(0) = ao, ¥’ (0) = a1, ¥ (0) = a2, ¥ (0) = as, then Y [0] = ao, Y [1] = au,
Y[2] =% and Y [3] = 3.

2!

Proof. This is a direct consequence of theorem 4.2 by simply setting n = 0,1, 2, 3 respectively. [

Theorem 4.4. Boundary conditions. If

y(b) =B then B=>_Y [k]b".

k=0

Proof. By definition of the inverse differential transform

y(z) = YI[ka"

k=0
and so, by substituting x = b, we have
B=> YI[kb"
=0
O
Remark 4.1. In application, we take the Mth order approximation and we therefore set
M
B=> Yk
k=0
Theorem 4.5. If a,b are constants in the first order ordinary differential equation,
ad—erb =0,y(0) =« (4.1)
dx y - Z/ - ) .

then the differential transform method converges to the exact solution.

Proof. The differential equation has a general solution

y(@) = ae~/

Taking the differential transform of equation 4.1, we have
a(k+1)Y[k+1]+bY[k] =0, Y0 =«

and on rearranging, we have
b

Vi1 ==y

Y [K].
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Solving this recurrence relation, we have

Y[k]:]i!(_ab)ka

and thus, the solution obtained from the differential transform method is

v = 3 (L) et

k=0
201 /—bz\"F
= o) g (*)
k=0
_ ae—bx/a.
O
Theorem 4.6. If a,b,c are constants in the second order ordinary differential equation,
d2y dy ’
z2J a4 = = = 4.2
aggtbo +ey=0y(0)=ao y (0)=a (4.2)
then the differential transform method converges to the exact solution.
Proof. Taking the differential transform of equation 4.2, we have
alk+1)(k+2)Y[k+2]+bk+1)Y[k+1]+cY[k]=0, Y[0] =0, Y [1] = (4.3)
and the differential transform solution is
y(x) = Y [kz". (4.4)
k=0
Substituting the series 4.4 in the original problem 4.2, we have
a) k(k—=1)Y k"2 +b> kY K2+ YV kz" =0
k=2 k=2 k=2
and on rearranging, we have
d(ak+1)(k+2)Y[k+2]+b(k+1)Y [k+1]+cY [k]) 2" =0,
k=0
and comparing coefficients gives
alk+1)(k+2)Y[k+2]+b(k+1)Y[k+1]+cY k] =0. (4.5)
Hence, the recurrence relation from the DTM is satisfied. O
Theorem 4.7. Ifa;’s (Vi = 1,2,---,n) are constants in the nth order homogeneous ordinary
differential equation,
aoy+;mg;j =0, y(0) = ao, %y(m) it i=1,2,---,n—1 (4.6)

then the differential transform method converges to the exact solution.

10
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Proof. Taking the differential transform of equation 4.6, we have

aoY[k}—i—zn:a,- (ﬁ(k—&—i))Y[k—i—r} =0, Y[0]=ao Y][i]= %,i:l,Q,--- ,n—1 (4.7)

r=1 i=1

and the differential transform solution is
y(x) = Y [k]". (4.8)
k=0

Substituting the series 4.8 in the original problem 4.6, we have

0 = aOZY[k]mk—i—Zar <ZY[k]mk)

k=0
r—

= aoZY[k]xk—i—ZarZY[k] <H (k—z)) T

dT
dzx"

k=0 i=
= a ZY [k] =" + Z Z a,;Y [k] (1:[ (k— z)) T
k=0 k=r r=1 i=0
= aOZY[k]zk—FZZa,«Y[k—FT] <1:[ (k—l—r—i)) "
k=0 k=0 r=1 i=0
= i (aoY[k] —&—iar <1L[(k+z)) Y[k+r]> z*
k=0 r=1 i=1

and comparing coefficients gives

r

aoY [k] +iar (H (k-i—l)) Y[k+r]=0. (4.9)

i=1
Hence, the recurrence relation from the DTM is satisfied. O
Theorem 4.8. For a variable coefficient nth order homogeneous ordinary differential equation

- dy _ d'
ao () y + ;av' (z) drr 0, y(0) = a, @y(x)

—a,i=1,2 ,n—1 (4.10)
x=0

the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.10, we have

S Agim] Yk —m]+ ) <Z Ar[m] (H (k — m+j)> Y [k— m-l—r]) =0, (4.11)

Jj=

subject to
X

Y [0] = ao,Y [i] = S i=1,2,- n—1.
il

Rearranging, we have

Z (Ao[m]Y[k—m]+ZAr[m]Y[k—m+r] (H(k_m+j)>> —0.

m=0 r=1 Jj=1

11
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Substituting the differential transforms
z)=> Y[kla", ar(z)=) A [k]z". (4.12)
k=0

into the original problem 4.10, we have

= > D AgmlY[k-mlz"+> >N (Ar[m]Y[lc—wH—r] (ﬁ(k—m—i—r—j)))xk

00 k r—1

— Z (AO[mY[k m]—|—ZA 1Y [k — m—&—r](H(k—m—F?‘—j)))xk
k=0 m=0 Jj=0
oo k T

= Y (Ao[mY[k: m]—!—ZA 1Y [k — m+r]<H(k—m+j)>>a:’“
k=0 m=0 J=1

and comparing coefficients, we have

Z(Ao[mY[k m]—l—ZA 1Y [k — m+r]<ﬁ(k—m+j)>>—0. (4.13)

m=0 r=1 Jj=1

Hence, the recurrence relation from the DTM is satisfied. O

Theorem 4.9. Ifa;’s (Vi=1,2,---,n) are constants in the nth order nonhomogeneous ordinary
differential equation,

n dr i )
a0y+za’rdf:ﬁ:vf($)7y(o):a07 %y(.’b) 201712172,'”,71—1 (414)

=0

then the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.14, we have

aoY[k]—i—Zn:ar (f[(k+i)>y[k+r]_F[k], Y [0] = a0, Y [i] = ',':1,2,~~~ ,n—1 (4.15)

Substituting the differential transforms

=> Yk, f(x)=> F[kla". (4.16)

k=0 k=0

12
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in the original problem 4.14, we have

kiF[k]xk = aokiY[k]xk—i-iarda; (:OY[k]xk>
= aokzoy[k]mhriarkiy[k](:H:(/c—z)>m’“T
= ao kZ:OY (k] =* + g: Z}MY k] <: (k — z)) kT
— aokZY[k]xk+§iarY[k+r} (T_:(k—kr—z))mk
= aoki;oY[k]xk—Fki;o(garY[k—l—r]:::(k—Fr—z)):ck
= kio(aOY[k]+iaﬂ[k+r]§(k+r—z‘))xk
= é(ao)’[lﬂ]—i—rilar (H(lﬁ—z)) [k—l—r])

and comparing coefficients gives

aoy[k]—kiar (ﬁ(k-l—z))Y[k—!—r]—F[k]

Hence, the recurrence relation from the DTM is satisfied.

(4.17)

O

Theorem 4.10. For a variable coefficient nth order nonhomogeneous ordinary differential equation

i

jlj:f(m), y(0) = av, %y@)

— i, i=1,2,- ,n—1
x=0

2)y+ Y ar(x)

the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.18, we have

ZAO[m [k — m+Z<ZA[m (Hk m—l—j))Y[k—m—Fr]):F[lﬂ,

subject to
Qg

Y[O]:Oéo,y[i]:—',i—12 n—1.

Rearranging, we have

m=0 r=1 j=1

Substituting the differential transform 4.20

=Y Yka2", ar(x) = Ar[k]z", f(z) =) Flk]a"
k=0 k=0

k=0

Z(Ao m] Y[k — m]—i—ZA[m [k — m+r]<H(k—m+j)>>:F[k].

(4.18)

(4.19)

(4.20)

13
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in the original problem 4.18, we have

kZ:DF[k].rk = ;%[k j‘z}’[k]r +Z(O4 (f; (2‘!’[*&‘]1“))

ZAG[ 1Y [k —m]z +Z Z'A-l'r[ k-ZY[err](l:[ m+r3) ‘“)
Ag[m]Y [k —m]= +ZZZ(A [m]Y [k —m+7] (H —ﬂl+r—3))) K

r=1 0m=0

(A.o[m]Y[Jiu m]+i;l m]Y [k — m+T](T1_[lIu m+?"—j)))1k

j=0

(Ao[m]Y[k m]—',—ZA m| [k—m—&--r](ﬁ(k—-m—i—j)))zk

r=1 =1

rMS

Bl

3
3
Il
o

3
3
Il
o

Il
M IMe I
M- -

LS
Il

0m.

and comparing coefficients, we have

Z( m]Y [k — m]+ZA [k—m—l—r](H(k—m—i—j)))—F[k]. (4.21)

Hence, the recurrence relation from the DTM is satisfied. O

5 Numerical Examples
Example 5.1. Consider the homogeneous second order linear ordinary differential equation
y" +5y" +6y =0; y(0) =0,y/(0) = 1.

The general solution is

and to O(7),we have

L, e 19 6 2 13
y = z-5% +6m 51" +120x T + O(x ) (5.1)

We take the Differential Transform and we get
k+1D)(k+2)Y[k+2]+5(k+1)Y[k+1]+6Y [k] =0,

subject to

By rearranging, we have

5Y [k+1  6Y[k]
k+2)  (k+D)(kt2)

Y[k+2]=-
so that the 6th order approximation is

19 5 65 4 211 5 133 g
Y [k 2 2B 205 =2
Z [k] 2* x T Tyt + 120° “1ma® Tt

Clearly, this series converges to the exact solution as shown in equation 5.1.

14



Oke; JAMCS, 24(6): 1-17, 2017; Article no.JAMCS.36489

Example 5.2. Consider the equation the nonhomogeneous second order linear ordinary differential
equation
y' + 5y +6y=e"; y(0) =0,y'(0) = 1.

The general solution is

(86721 _ 96731 4 ez)

54, 25, 161 5 T ¢
— _op? S8 22 iR
oA T T T et Tt T

We now proceed to take the differential transform of the problem

y:E

(k+1)(k+2) Y [k +2) 45+ 1)Y [k+1+6Y [k = =, Y[0]=0,¥ 1] =1

on rearranging, we have

1 5Y[k+1  6Y[H]
YRS G T vy D)
So that 3 5 I 161 7
Y[Z]——Q,Y[3]—§,Y[4]——E7Y[5]—EO,Y[6]——1—0,~~~

and thus we have the solution as

53 25 4 161 5 7 ¢
— 2?4 St 22 eI
e T AR T R TV
which converges to the exact solution.

Example 5.3. Consider the nonhomogeneous first order linear ordinary differential equation

(1+x)@+y=(1+x)em, y(0) =0.

dx
The exact solution is
1 =z - n - xm
y = z(l+z) e’ =2y (-x) Z(W)
n=0 m=0
_ — 1 (_1)m n __ 1 3 1 4 3 5
= mZZ((nim)' T —m—&—ix—gm +§x+

6 Conclusion

The first part of this work is dedicated to proving some theorems whose proofs have been long
ignored. Most authors assume the knowledge of these theorems, so they do not bother to prove the
theorems. The theorems are therefore proved to serve as a reference for any work that would want
to use the theorems without proofs.

The later part of this work establishes the convergence of the solution obtained from the DTM to
the exact solution. The DTM solution converges to the exact solution for any ordinary differential
equation, whether homogeneous or nonhomogeneous. These theorems are illustrated with some
examples.

The differential transform method reduces the difficulty of solving an ordinary differential equation
to a simple recursive equation that are relatively easy to solve. This work establishes that without

15



Oke; JAMCS, 24(6): 1-17, 2017; Article no.JAMCS.36489

solving a differential equation to get a closed form solution, we can obtain an approximation (up
to any term of interest) to the solution by solving using the DTM.

It is important to mention here that since DTM is a method derived from the Taylors’ expansion
method and Taylors’ expansion is only valid for functions that are continuous in the region of
concern, we note that this method will as well be useful only for solutions that are continuous in
the region under consideration.

In addition to this, we recognise that the solution is assumed to admit a Taylors’ expansion.
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